Squeezed state of light is one of the important subjects in quantum optics which is generated by optical nonlinear interactions. In this paper, we especially focus on qubit like entangled squeezed states (ESS's) generated by beam splitters, phase-shifter and cross Kerr nonlinearity. Moreover the Wigner function of two-mode qubit and qutrit like ESS are investigated. We will show that the distances of peaks of Wigner functions for two-mode ESS are entanglement sensitive and can be a witness for entanglement. Like the qubit cases, monogamy inequality is fulfilled for qutrit like ESS. These trends are compared with those obtained for qubit and qutrit like entangled coherent states (ECS).
Introduction
Squeezed states are a general class of minimum-uncertainty states, for which the noise in one quadrature is reduced compared with a coherent state. The squeezed state of the electromagnetic field can be generated in many optical processes [1, 2, 3] . The first two experiments used third-order nonlinear optical media. Nonlinear effects such as the Kerr effect can be used to control a light signal by means of another light signal, and thus play an important role in optical data processing. This nonlinear effect exists in all materials, even isotropic ones, like glass or fused silica. On the other hand, the measurement of the properties of a light field without disturbing it is a necessary requirement of many optical quantum communication and computation protocols which can be achieved by means of the optical Kerr medium with large third-order nonlinearity [4] . Quantum non-demolition detectors can detect a single photon without destroying it in an absorption process. This detection relies on the phase shift produced by transmitting a single photon through a nonlinear Kerr medium. Such detectors have recently been implemented in the laboratory [5] . The optical Kerr effect also allows the propagation of ultrashort soliton-type pulses without spreading or optical bistability [6, 7] . In Ref. [8] the authors have produced large cross-phase shifts of 0.3 mrad per photon with a fast response time using rubidium atoms restricted to a hollow-core photonic bandgap fibre, which shows the largest nonlinear phase shift induced in a single pass through a room temperature medium.
Squeezed state finds a wide range of applications in quantum information processing [9] .
A superposition of odd photon number states for quantum information networks has been generated by photon subtraction from a squeezed vacuum state produced by a continuous wave optical parametric amplifier [10] . In Ref. [11] , orthogonal Bell states with entangled squeezed vacuum states have been constructed and a scheme for teleportation a superposition of squeezed states based on the Bell state measurement have been presented. An analysis of squeezed single photon states as a resource for teleportation of coherent state qubits has been investigated in Ref. [12] . Ref. [13] has shown that non-Gaussian entangled states are good resources for quantum information processing protocols, such as, quantum teleportation.
The problem of generating ESS's has been discussed in [14, 15, 16, 17, 18] . The new physical interpretation of the generalized two-mode squeezing operator has been studied in [19] which is useful to design optical devices for generating various squeezed states of light. Quantum storage of squeezed state light through an electromagnetically induced transparency ( EIT) medium has been experimentally realized in hot atoms and magneto-optical traps in which the atomic quantum memory was verified by measuring the quantum noise of the retrieved states [20, 21, 22, 23, 24] .
Coherent states, originally introduced by Schrodinger in 1926 [25] . However, multi-mode quantum states of radiation fields which present the opportunity to be a resource in quantum information theory have been the subject of considerable interest in the experimental and theoretical literature [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] . Entanglement concentration for W-type entangled coherent states have been investigated in Ref. [41] . Generation of multipartite ECS's and entanglement of multipartite states constructed by linearly independent coherent states have been investigated in [42, 43] . In Ref. [44] the production and entanglement properties of the generalized balanced N-mode Glauber coherent states of the form
have been stated which is a general form of the balanced two-mode ECS |Ψ
(|α |α + f 1 |β |β + f 2 |γ |γ ). Assuming that the coherent states are linearly independent, these states recast in two qubit and qutrit form respectively. Then the entanglement of these states has been evaluated by concurrence measure. In Ref. [45] , the noise effect on two modes qubit and qutrit like ECS's has been studied.
In 1932, Wigner introduced a distribution function in mechanics that permitted a descrip-tion of mechanical phenomena in a phase space [46, 47] . Wigner functions have been especially used for describing the quadratures of the electrical field with coherent and squeezed states or single photon states [48, 49, 50] . The Bell inequality based on a generalized quasi probability
Wigner function and its violation for single photon entangled states and two-mode squeezed vacuum states have been investigated in Ref. [51] . The negativity of the Wigner function [52] is a reason why the Wigner function can not be regarded as a real probability distribution but it is a quasi-probability distribution function. This character is a good indication of the possibility of the occurrence of nonclassical properties of quantum states. The Wigner function of two-mode qubit and qutrit like ECS's have been investigated in [53] .
In this paper we will consider two-mode qubit like ESS |Ψ
which two squeezed states |ξ and |η are in general nonorthogonal and span a two dimensional qubit like Hilbert space {|0 , |1 }. Therefore, two-mode squeezed state |Ψ (2) s can be recast in two qubit form. Moreover as an example we introduce a method for producing qubit like ESS using kerr medium and beam splitters [16] . The same argument can be formulated for other two-mode squeezed states such as |Ψ 
Two-mode Qubit like ESS's
A rather more exotic set of states of the electromagnetic field are the squeezed states. The squeezed state of light is two-photon coherent state that photons will be created or destroyed in pairs. They may be generated through the action of a squeeze operator defined aŝ
where ξ = r 1 e iθ 1 , with 0 ≤ r 1 < ∞, 0 ≤ θ 1 ≤ 2π and r 1 is known as the squeeze parameter.
We note that the squeeze operator is unitary andŜ
is a kind of two-photon generalization of the displacement operator used to define the usual coherent states of a single-mode field. Acting squeeze operator on vacuum states would create some sort of two photon coherent states:
namely squeezed states. One can write the squeezed states in terms of Fock states |n as
The overlap of two squeezed state reads 5) in which ξ = r 1 e iθ 1 , η = r 2 e iθ 2 and ∆θ = θ 2 − θ 1 .
Entanglement of Two-Mode Qubit like ESS
Let us consider two-mode qubit like ESS as
where f , ξ and η are generally complex numbers and M (2) s is a normalization factor, i.e.
in which p = ξ|η . We used the superscript (2) for qubit-like states to distinguish it from that of qutrit like states in the next section. Moreover, subscript s is referred to squeezed states to distinguish it from coherent states. Two nonorthogonal squeezed states |ξ and |η are assumed to be linearly independent and span a two-dimensional subspace of the Hilbert space {|0 , |1 }. The state |Ψ (2) s is in general an entangled state. To show this avowal we use a measure of entanglement called concurrence which is introduced by Wooters [54, 55] . For any two qubit pure state in the form |ψ = a 00 |00 + a 01 |01 + a 10 |10 + a 11 |11 , the concurrence is defined as C = 2|a 00 a 11 − a 01 a 10 |. By defining the orthonormal basis as
s is reduced to the state |ψ . Therefore the concurrence is obtained as
where for simplicity we assume that f to be a real number. The behavior of concurrence as a function of f is shown in figure 1 . For the sake of comparison, the concurrence of two-mode qubit like ECS,
is also plotted in figure 1 (for further details see [44] ). A comparison between full and dashed line in figure 1 shows that for f > 0 the concurrence of squeezed state is less than the concurrence of coherent state. On the other hand for f < 0, there are r 1 , r 2 and ∆θ for which the cross over occurs. Moreover figure shows that only for f = 0 the state |Ψ (2) s is separable which is confirmed by Eq.(2.9). If we assume that all parameters are real and f = 1, then the concurrence (2.9) can be rewritten as Let us introduce a scheme to generate such ESS's. To this end, consider the interaction Hamiltonian for a cross Kerr nonlinearity asĤ = kn anb , wheren a andn b are photon number operators of mode a and mode b, respectively and k is proportional to the third-order nonlinear susceptibility χ (3) . The time evolution operator iŝ , then we obtain the superpositions of squeezed vacuum states
The method proposed here, involves cross-Kerr interactions. But, in general, the strengths of these interactions are far too weak to bring about the required phase shifts. The techniques of EIT, a quantum interference phenomenon that arises when coherent optical fields couple to the states of a material quantum system, have been used to overcome this undesirable problem.
Strictly speaking, the squeezing of the delayed output state in an EIT medium has not been retained the same as that of input state [57] , and the squeezing property of the retrieved state after a storage time has decreased [22, 23] . To qualify the efficiency of the squeezing propagation or storage in an EIT system, experimental studies have discovered an approach to repress the noise of output delay light via decreasing the detection frequency or operating the system at off one or two-photon resonance [58, 59, 60, 61, 62] . Now, assume that the state |1 b |0 c is inserted to BS1, then the output state becomes shifterP = e iN θ , transform the state
|ξ a (|10 bc + i|01 bc ) to Choosing different parameters τ, τ and θ, one may obtain the various entangled states [16] .
For example, taking τ = τ = π 2
and θ = 0 we have |ψ (2) s ∼ | − ξ a | − η a − |ξ a |η a which is an entangled state with concurrence C (2) = 0. To see this, we consider two nonorthogonal squeezed states {|ξ , | − ξ } and {|η , | − η }, which are linearly independent and span a twodimensional space {|0 , |1 } defined as
for system 1,
where
(2.19)
For simplicity, we again assumed that ξ and η are real parameters. Altogether, we obtain the entangled state 20) whose concurrence reads
The behavior of concurrence as a function of r 1 and r 2 is shown in figure 4 . Figure 4 shows that for r 1 = r 2 = 0 (i.e. p 1 = p 2 ) the state |ψ (2) s is maximally entangled state (i.e. C 
Wigner Function for Qubit like ESS
One of the important quasi-probability distribution over phase space is the Wigner function defined as [63] W 
To calculate the Wigner characteristic function, let us use the fact that commuting displacement operator D(λ) with squeezing operator S(ξ) yields
where λ = µλ − νλ * , µ = cosh r 1 and ν = e iθ 1 sinh r 1 . By substituting C 26) in which µ = cosh r 2 and ν = e iθ 2 sinh r 2 . To explore the behavior of Wigner function in more detail, it is convenient to take all parameters to be real except for λ, i.e. µ = cosh ξ, ν = sinh ξ, µ = cosh η, ν = sinh η.
(2.27)
Now we consider two special cases f = ±1. For the case f = 1 we plot Wigner distribution as a function of γ for fixed η = 0.5 but different ξ (see figure 5 (a) ). Specifically, we wish to compare the results with those obtained for ECS [53] . By increasing the difference of ξ and η the width of squeezed Wigner function W Another example is the qubit like ESS |ψ (2) s ∼ | − ξ a | − η a − |ξ a |η a ), generated by the scheme proposed in figure 3 , whose Wigner function is given by 
Qutrit like ESS's
In this section, we consider two and three-mode qutrit like ESS's. First consider two-mode case:
where M (3) s
is the normalization factor with p 1 = ξ|η , p 2 = τ |η and p 3 = τ |ξ . For simplicity we assumed that all parameters are real. In general, three squeezed states |ξ , |η and |τ , can define three-dimensional space spanned by the set 
s is reduced to a qutrit like ESS.
We use the general concurrence measure for bipartite state |ψ =
The norm of concurrence vector is obtained as C = 2( increasing the distance of ξ with η and τ . This result is confirmed by the concurrence measure in a opposite manner which is accompanied by a shift in C (3) (ξ) (see figure 9(b) ). Figure 10 illustrates the W 
Monogamy Inequality for Multi-Qutrit like ESS
Another problem that arises in multipartite states is monogamy inequality. Here in this section, we examine the concurrence based monogamy inequality for qutrit like ESS. To this end consider multi qutrit like ESS:
is normalization factor. Once again, we assume that the all parameters are real. We next assume that the state |Φ One can easily obtain the reduced density matrices ρ AB = T r D (|Φ 33) in which α's are positive roots of the lie group SU(N) (here for qutrit like SU (3)) and E ±α 's are corresponding raising/lowering operators (like J ± of the angular momentum operator).
Let us consider N = 20, m 1 = 1, m 2 = 2 and f 2 = 0.4 and explore the monogamy inequality [65, 66, 67 ]
where C AB and C AD are the concurrences of the reduced density matrices ρ AB and ρ AD respectively and C A(BD) is the concurrence of pure state |Φ
s with respect to the partitions A and BD. The concurrence vectors C AB and C AD read . On the other hand, one finds that
The behavior of
AD as a function of f 1 , for given ξ and η, is shown in figure 11 . In order to compare this results with ECS we also display the results of τ (c) ABD calculated in Ref. [44] . Figure 11 shows that in general τ ABD .
Conclusion
In summary, we introduced two-mode qubit and qutrit like ESS's. For qubit like state |Ψ (2) s , a comparison between ESS and ECS showed that for f > 0 the concurrence of squeezed state is smaller than the concurrence of coherent state without crossing. On the other hand for f < 0, there are crossing for some parameters r 1 , r 2 and ∆θ. It was shown the concurrence is a monotone function of ∆ s for all real parameters and f = 1 with the properties that when ∆ s → ∞, the concurrence tends to its maximum value (C (2) max = 1), while for small separation (i.e. ∆ s → 0) the concurrence tends to zero and the state becomes separable. Moreover we investigated the ESS generated by beam splitters, phase-shifter and cross Kerr nonlinearity and showed that for r 1 = r 2 = 0 (i.e. p 1 = p 2 ) the state |ψ (2) s is maximally entangled state (i.e. C 
s . Comparing the the concurrences of ESS to that of the ECS, showed that for f 2 = −1 there are ξ, η and τ which cross over occurs. Furthermore, for f 1 = f 2 = 1, it was shown that by increasing the distances of ξ, η and τ , the width of W
s (γ) decreases whereas the concurrence C (3) (ξ) has upper-shift. Finally, we explored the monogamy inequality for both qutrit like ESS and ECS. Although in both cases the monogamy inequality was not violated, but in general the inequality τ ABD is satisfied.
